Abstract. We demonstrate chirped-pulse operation of a Cr : YAG passively mode-locked laser. Different operation regimes of the laser are extensively investigated in the vicinity of zero dispersion both experimentally and numerically. It is shown that for a given laser configuration, transition to the positive dispersion regime allows a 5-fold increase in the output pulse energy, which is otherwise limited by the onset of the multipulsing or 'chaotic' modelocking. The output pulses have 1.4 ps duration and are compressible down to 120 fs in a 3 m piece of silica fiber, enabling supercontinuum generation in a nonlinear fiber. The spectrum shape and operation stability of the chirped-pulse regime depend strongly on the amount and shape of the intracavity dispersion. The numerical model predicts the existence of the minimum amount of the positive dispersion, above which the chirped-pulse regime can be realized. Once located, the chirped-pulse regime can be reliably reproduced and is sufficiently stable for applications.
Introduction
Oscillators providing stable sub-100 fs pulses in the near-infrared region around 1.5 µm are of interest for a number of applications including infrared continuum generation [1, 2] and highsensitivity gas spectroscopy [3] . High-output power of such oscillators is desired because it enhances the nonlinear frequency conversion and spectral broadening in the supercontinuum generation. Currently, most of the realizations of such sources are based on femtosecond Er : fiber oscillators with amplifier stages.
A solid-state implementation of such a source could be a Cr 4+ : YAG mode-locked oscillator. In contrast to an Er : fiber oscillator, its advantages are: (i) extremely broad gain band allowing few-optical-cycle pulses, and (ii) operability in a directly diode-pumped regime [4] . One of the features of the Cr : YAG as a laser material is its relatively low useful gain, making it necessary to operate with long crystals and low-output couplers (0.2-1%), resulting in high intracavity average power, typically some tens of watts, and a very strong nonlinear interaction inside the long crystal. This promotes numerous instabilities, primarily a tendency to multipulsing [5, 6] , but also results in spectral extra-broadening [7] and self-frequency shift [8] .
In the negative-dispersion regime (NDR), which is typical for femtosecond oscillators, the instabilities can be suppressed by reducing the pulse energy (e.g. by increasing the repetition rate; so far, the Cr : YAG laser operation has been demonstrated at repetition rates from 65 MHz to 4 GHz [5, 9] ), or by a sufficient amount of the negative group-delay dispersion (GDD). However, the latter approach results in longer pulses and narrower spectra. Since the pulse in the NDR is chirp-free, it is incompressible (at least, linearly).
To stabilize the high-energy pulse without irreversible spectral narrowing, one can operate an oscillator in the positive-dispersion regime (PDR) [10, 11] . In the PDR regime the pulse is stretched, i.e. it has picosecond width. As a result, the peak power is reduced below the instability threshold. Simultaneously, the pulse is heavily chirped (chirped-pulse oscillator, CPO [12, 13] ) and its spectrum is sufficiently wide in order to allow pulse compression down to sub-100 fs width. To date, such a regime has been successfully realized in the Ti : sapphire CPOs [10] , [14] - [16] , which have matured to a commercially available technology. The advantage of the Cr : YAG CPO over the fiber-based CPO [17] is a comparatively low amount of the positive GDD required for the regime stabilization. Since in the fiber oscillator the pulse has a larger nonlinear phase shift, such a shift can be compensated only by a sufficiently large amount of the positive GDD. Around 1.5 µm wavelength, this would have required the use of long pieces of dispersion shifted or photonic crystal fibers.
In this work, for the first time to our knowledge, we demonstrate the Cr 4+ CPO generating picosecond chirped pulses at 100 mW average power and 140 MHz repetition rate. The pulses are compressible down to ≈100 fs and can be used for efficient supercontinuum generation in the photonic-crystal fiber (PCF). Simulations based on the generalized complex nonlinear cubic-quintic Ginzburg-Landau model present a comprehensive study of the influence of spectral dissipation as well as spectrally dependent GDD on the oscillator characteristics in both positive-and negative-dispersion regimes.
Experimental realization of the Cr : YAG CPO
The laser has been built according to the classical X-folded scheme (figure 1) on the basis of a 20 mm Cr : YAG crystal with a prismless dispersion compensation. The dichroic folding mirrors M 1 and M 2 had 100 mm radii of curvature and were not chirped. The scheme was close to the setup published previously [4, 18] , which was shown to have been operated in Kerr-lens mode-locked configuration and with a semiconductor saturable absorber mirror (SESAM) as the starting mechanism. For dispersion compensation we used three sets of chirped mirrors, providing dispersion compensation of the YAG crystal up to the third order [4] . The three sets were designed to compensate about 5 mm of YAG crystal on a single bounce, but had GDD values differing by 25-50 fs 2 between 1.5 and 1.55 µm ( figure 2(a) ). This allowed the dispersion to be adjusted by steps of 50-100 fs 2 by exchanging the mirrors. It should be noted, however, that the real dispersion of the 51-layer chirped mirrors can vary by as far as ±30 fs 2 from the design value. Additionally, the commercial SESAM (model BATOP-SAM-1550-1) provided quite a significant amount of dispersion ( figure 2(a) ). Figure 2(b) shows the net dispersion with the error region which is due to the GDD uncertainty of the chirped mirrors. Since the predicted net dispersion of the setup in figure 1 is very close to zero in the 1.5-1.55 µm region, its sign is a priori not known and should be defined in the experiment. Once the operating point is established, the operation regime can be reliably switched between positive and negative by changing the chirped mirrors or by introducing more reflections. Even simple exchange of the SESAM with the one made by a hybrid technology [4, 18] with GDD close to zero allowed the mode of operation to be switched from the positive to the negative regime. To make sure that the laser indeed operates in the positive dispersion regime, we have recorded the spectrum and the autocorrelation signal of the output radiation. Additionally, a fast photodiode was used to check if the laser is operating in a single-or multiple-pulse mode (harmonic mode-locking).
In the negative dispersion regime (e.g. with all four chirped mirrors of type CM 3 ), the laser demonstrated a strong tendency for harmonic mode-locking, with up to 6 pulses per roundtrip time. The 85 fs clean, nearly sech 2 -shaped pulses were equally spaced within the 7 ns time window, resulting in a pulse repetition rate of up to 867 MHz, but pulse energy of only ≈100 pJ. When the cavity was optimized for single-pulse operation by adjusting the positions of the crystal, the SESAM and the focusing mirrors, the laser switched to a 'chaotic' mode-locking regime [19] , with unstable noisy spectrum and average output power of 200 mW. The pulse duration could not be measured because of the instability of the autocorrelation signal. The highest output pulse energy that could be obtained in the stable single-pulse regime was about 200 pJ (30 mW average power).
With different chirped mirrors, corresponding to less negative GDD as in figure 2(b), the laser behavior dramatically changed. Firstly, the laser operation became stable and single-pulsed with a repetition rate of 144.5 MHz and an output power of up to 150 mW, corresponding to 1 nJ pulse energy. Secondly, the output spectrum has acquired a characteristic shape (figure 3) with sharply cut edges at both sides. The strongly nonexponential character of the spectral edges is especially vivid on the logarithmic scale ( figure 3(b) ). Finally, the pulses have acquired a significant chirp as shown in figure 4. The spectrum shape and the chirp resemble the typical features of the positive-dispersion regime in Ti : sapphire oscillators [10] , [12] - [16] .
Since the sign of the net intracavity dispersion cannot be unambiguously defined due to the uncertainties in the dispersion of the chirped mirrors, we need additional evidence that the laser indeed operates in the positive dispersion regime. This can be provided by the sign of the pulse chirp, which must be positive. In the 1.5 µm wavelength range, compensation of the positive chirp can be made exceptionally easy by a piece of the silica fiber. Figure 4 shows some typical autocorrelation signals and estimated pulse durations after the propagation inside the standard telecom SMF-28 fiber. The maximum compression of the pulse duration from the initial 1.4 ps down to ≈120 fs occurs at a fiber length of about 3-3.5 m, and for the rest of the experiments a fiber piece of 3.2 m was used. The pulse compression is convincing proof of the positive chirp sign, and of the fact that the laser indeed operates in the positive dispersion regime.
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The compressed pulses have sufficient peak power to produce supercontinuum generation in a 40 cm piece of a soft-glass PCF [20] , as shown in figure 1.
To finish this section, we should also comment on the stability and reproducibility of the positive dispersion regime. Figure 3(a) demonstrates the spectra in one and the same setup assembled in Orsay (figure 1) at three different pulse energies. Figure 3(b) shows spectra obtained in a similar setup assembled in Vienna under Yb : fiber pumping. The dispersive mirrors and the crystal length were the same in both experiments, but the dichroic mirrors M 1 and M 2 (highly reflective around 1.5 µm and transmissive around 1 µm) were different. It can be seen from these spectra that the CPO regime is quite reproducible and stable against fluctuations in intracavity pulse energy ( figure 3(a) ) and cavity losses ( figure 3(b) ) and, hence, against pump power fluctuations and small misalignments. This is important for possible applications [20] . At the same time, the output parameters are sensitive against the intracavity dispersion. This is evident from the fact that changing the dichroic mirrors can widen the spectra by ∼25 nm (compare figures 3(b) and (a); see also figure 8). The dichroic mirrors are positioned at large incidence angles of [12] [13] [14] [15] • and their dispersion is small, but not negligible. Given this sensitivity to dispersion variations, it is important to use the prismless techniques, which provide very reproducible and misalignment-insensitive intracavity dispersion.
Numerical modeling

CPO modeling
Given the complex intracavity dispersion curve ( figure 2(b) ), we used the numerical simulation approach. Besides enabling us to cope with higher order dispersions, it permitted us to analyze the positive-and negative-dispersion regimes in a consistent way, to take into account the spectral distributions of gain and loss, and to provide results on the stability of operation regimes. The simulations were based on the generalized complex nonlinear cubic-quintic Ginzburg-Landau model [21] , which has already proved to provide adequate description of the PDR [12, 13] . Within this model, the evolution of the slowly varying envelope A(z, t) of the intracavity field can be described in the following way:
Here, z is the propagation distance normalized to the cavity length L cav (i.e. the cavity roundtrip number in the ring-cavity model) and t is the local time. The reference time frame moves with the pulse group-velocity defined at the reference frequency ω 0 corresponding to the gain maximum at λ 0 ≈ 1.5 µm. The term α(ω 0 )τ 2 ∂ 2 A/∂t 2 describes the action of the gain spectral profile in parabolic approximation. The parameter α(ω 0 ) is the saturated gain coefficient at ω 0 , and it is close to the net loss value at this frequency. The parameter τ is the inverse gain bandwidth. The term β(ω − ω 0 )A describes the net-GDD action in the Fourier domain. In particular cases, it can be expressed in the time domain through the series
The term ρ(ω − ω 0 )A describes the action of the net loss spectral profile in the Fourier domain. Frequency ω 0 corresponds to the transmission minimum of the output coupler at λ 0 = 1.53 µm.
The parameter σ (ω 0 ) is the difference between the saturated gain α(ω 0 ) and the net loss at the reference frequency ω 0 . It is close to zero (rigorously zero in CW operation) and depends on the pulse energy due to gain saturation. Such a dependence can be 
, where E * corresponds to the full energy stored inside an oscillator in the CW regime [13] . The parameter δ ≡ dσ dE | E=E * E * defines the response of the active medium to the pulse energy E and is completely defined by the gain and loss coefficients (see [13] for a detailed discussion).
The parameter γ describes the self-phase modulation inside the active medium, κ is the self-amplitude modulation parameter and ζ is the parameter defining saturation of the self-amplitude modulation with power [13] . The nonlinear parameters are related to the instantaneous power P ∝ |A| 2 , expressed in watts. Values of parameters used in simulations are presented in table 1.
Equation (1) is solved by the symmetrized split-step Fourier method in a 41 ps time window approximated by 2 15 points. The propagation step is 10 −3 of L cav .
Results and discussion
PDR and spectrum asymmetry
As a starting point, we consider the simplest case of a Cr : YAG oscillator in the negative dispersion regime without the high-order dispersion terms in equation (1) (i.e. β = iβ 2 ∂ 2 A/∂t 2 ), and with the minimum of the net losses shifted in λ 0 to match the experimental value. The spectral dependence of the net loss (transmission of the output coupler and the chirped mirrors, and SESAM absorption) is approximated by super-Gauss dependence
In accord with the experiment, the simulations demonstrate that the operation in the NDR is unstable against the multipulsing within a wide region of negative dispersion β 2 . The stable single-pulse regime appears only at very large amounts of negative GDD β 2 ≈ −9900 fs 2 . The stable pulse is soliton-like and has a width of 230 fs. The comparatively narrow symmetric spectrum is centered at 1.51 µm (gray curve in figure 5(a) ). Such a pulse is chirp-free, linearly incompressible and does not reproduce the experimentally observed spectra ( figure 3) .
As already discussed, the observed spectra closely resemble those in the positive dispersion regime, and the next simulations concentrate on this regime. A striking feature of the observed spectra is their significant asymmetry ( figure 3 ). Since the pulse in the PDR has a fairly broad spectrum, we expect that the high-order dispersions strongly affect the pulse characteristics [12] . Our simulation of the PDR therefore includes a significant amount of the third-order dispersion (TOD) β 3 = −10 3 fs 3 at λ 0 , which approximates the average TOD in figure 2 . To single out the influence of the dispersion asymmetry we first ignore the spectral dependence of the losses (blue curve in figure 5(a) ). We see that the spectrum indeed acquires asymmetry, but it has the opposite slope to that of the experimental spectra ( figure 3 ). This agrees with the observation [12] that the TOD in the PDR results in the growth of those spectral components which are located within the region of the most positive GDD, i.e. at the short-wavelength side of the spectrum. However, this also means that the TOD alone cannot explain the observed spectral asymmetry.
In order to agree with the experiment, it is necessary to take into account the spectral dependence of losses in the cavity. In this case, the spectrum asymmetry is reversed (solid red curve in figure 5(a) ), matching the observation. The asymmetry is somewhat less than in the experiment, because the model includes only the unsaturated loss profile. In mode-locked operation, the losses are modified due to the absorption saturation in the SESAM, which is not known.
The simulated down-compression of the picosecond chirped pulse outside of the cavity is illustrated by figure 5(b) . Propagation inside a single-mode fused silica fiber would have compressed the pulse from 1.1 ps (black curve) down to 80 fs (blue line). Part of the energy is lost in the satellites formed due to non-uniform chirp of the input pulse [12, 15] . The calculation predicts a somewhat lower amount of chirp, a shorter output pulse duration and a shorter optimal fiber length for compensation than observed in the experiment. This can be connected with the presence of unknown high-order dispersion contributions to the intracavity dispersion ( figure 2) . Nevertheless, given the uncertainty in dispersion shape, the simulation matches the experiment very well and explains all observed features. . GDD spectral profiles (blue) and corresponding simulated pulse spectra (red) with no spectral dependence of the losses.
We thus conclude that the experimentally observed spectral asymmetry in the PDR is opposite to that caused by the TOD. Simulations demonstrate that such an asymmetry can be attributed to the action of spectrally dependent losses. However, in the general case, the oscillator spectrum and stability can be strongly affected by spectrally dependent net GDD, as well. Also, we need to consider the transitional regimes between the PDR and the NDR. These issues will be addressed in the next subsections.
Effects of the GDD spectral shape: solitonic regime
Combination of different optical elements in the dispersion-compensated oscillator may result in a rather complex spectral profile of the GDD. This is especially true when multilayer chirped mirrors are used, which often introduce strong dispersion modulation. It is important therefore to explore the influence of the GDD modulation on the oscillator parameters. Figure 6 shows the simulated spectra for the different GDD curves, which approximate the shape of the experimental net GDD and differ by only the value of β 2 at λ = 1.54 µm, where the net GDD has a local minimum. Again, we assume no spectral dependence of the losses in this case. One can see that the asymmetric spectra are extremely red-shifted (>70 nm) in comparison with the experimental ones. Such a red-shift has been analyzed in [8] for the much shorter ∼20-30 fs pulses, where high peak power caused additional nonlinear-optical effects, such as stimulated Raman scattering, to interfere.
The specific wavelength dependence of GDD causes two evident modifications of the solitonic regime: (i) there is the 'mixed' regime so that the spectrum is located within both negative and positive GDD ranges (figure 6, left graph) [14, 22] ; (ii) NDR can be stable, when GDD is substantially closer to zero (figure 6, right graph) [8] in comparison with the case of the wavelength-independent β 2 (in the latter case, the pulse is stabilized only at β 2 ≈ −9900 fs 2 ; see section 4.1). When the GDD curve up-shifts (i.e. β 2 at λ = 1.54 nm increases), the spectrum shifts in the region of more negative GDD to provide the stability (i.e. the spectrum red-shifts; left graph of figure 6 ) [23] . When β 2 at λ = 1.54 nm exceeds 200 fs 2 , the multipulsing appears. The experiment as well as the simulations show that the solitonic regime in the vicinity of zero GDD has a low stability. For instance, the insertion of spectrally dependent losses in the simulations causes the multipulsing within the whole GDD range shown in figure 6.
Scenario of the pulse destabilization
As pointed out earlier, the main scenario of the pulse destabilization in the NDR is multipulsing, when the GDD approaches zero or becomes positive within the pulse spectrum. However, such a scenario is not the only one for both PDR and NDR.
Firstly, let us consider PDR described in subsection 4.1. Figure 7 illustrates the effect of the β 2 decrease. One can see ( figure 7(a) ) that the spectrum becomes broader when GDD at λ 0 approaches zero. Additionally, the maximum shifts to longer wavelengths. Such a tendency is indeed visible in the experiment (figure 8, the transition from red to black curve corresponds to the approaching of the positive GDD to zero by 40 fs 2 at 1525 nm). Knowledge of these tendencies allows certain spectral shaping when required for applications. At low GDD values the pulse spectrum also develops ripples in the middle, where the net gain balances the net loss ( figure 7(a) , black curve). The multichannel InGaAs-array spectrometer cannot resolve the ripples, producing the residual modulation of the experimental spectra. In the time-domain, such ripples correspond to amplification of the CW background ( figure 7(b) , black curve). If there were no high-order dispersion or spectral filtering, the CW signal could not have coexisted with the chirped pulse and the latter would have become unstable [12, 13] . However, in our case such a 'hybrid' regime is stable ( figure 7(b) , black curve). A similar regime in the NDR has been demonstrated in [8] .
Usually, the chirped mirrors, which are used for the GDD compensation, introduce the oscillating dependence of the GDD on wavelength. As it was pointed out in [8] the stability conditions. Figure 9 shows the spectra for the cases when only the net GDD of the chirped mirrors and of the active medium is taken into account. The figures differ by the slope of GDD at λ = 1.54 µm (i.e. the local minimum of GDD at this wavelength in figure 9 (a) and the local maximum in figure 9 (b)), as well as by the β 2 (λ = 1.54 µm) value. Figure 9 (a) shows the 'chaotic' PDR [19] , which appears when the dispersion curve further approaches zero (down-shifts). Such a regime is also experimentally observable (gray curve in figure 8 ). In calculations, it exists only if there is a wavelength dependence of the GDD. In this case, the spectrum shifts to the local GDD minimum. It was shown previously [19] that the PDR stability is improved in the vicinity of the local minimum of the GDD (positive fourthorder dispersion). Figure 9 (b) shows the spectra corresponding to the upper stability border of NDR (blue curves) and the lower stability border of PDR (red curves) for a given GDD shape. The shown NDR (blue curve) is the 'chaotic' mode-locking when the pulse is strongly perturbed and its peak power chaotically oscillates. Further GDD increase (i.e. the up-shift of the GDD curve) results in multipulsing. The multipulsing changes to the 'chaotic' mode-locking in the PDR. When the GDD reaches some positive threshold value, the stable chirped pulse appears (red curve).
Conclusion
We have observed and described the first chirped-pulsed operation of a Cr : YAG femtosecond oscillator in a positive dispersion regime. The oscillator emits strongly chirped 1.4 ps pulses with a typical side-cut spectrum of ∼60 nm width, which can be conveniently compressed in a piece of silica fiber down to ∼100 fs duration. The chirped-pulse regime of operation is stable and reproducible, allowing us to use the oscillator for applications, as reported in [20] , by obtaining high-resolution molecular spectra through supercontinuum generation in a nonlinear photonic-crystal fiber. Simulations based on the generalized complex nonlinear cubic-quintic Ginzburg-Landau model demonstrate that the experimentally observed spectral asymmetry is opposite to that caused by only a third-order dispersion and results from the spectral dependence of the net loss. It is shown that there exist two scenarios of the chirped-pulse destabilization: CW amplification and chaotic-mode-locking.
When operated in the conventional negative dispersion regime, the same oscillator exhibits a strong tendency to harmonic mode-locking (i.e. multipulsing), making further spectrum broadening through supercontinuum generation impossible. The GDD value providing the multipulsing suppression depends on the GDD shape, so that the soliton-like regime can exist even if the part of the spectrum lies within the positive dispersion range. However, in all considered cases, the positive-and negative-dispersion single-pulse regimes are disjointed by the GDD ranges with chaotic and harmonic mode-locking.
The transition from the conventional soliton regime to chirped pulse allowed the pulse energy to be increased by a factor of 5 from 0.2 to 1 nJ for a given oscillator configuration, which was critical to achieve the supercontinuum in the nonlinear fiber. The demonstration of the well-controlled chirped pulse regime opens the way to further pulse-energy increase in Cr : YAG oscillators by cavity-extension techniques.
